We study the vector-valued B-singular integral operators associated with the Laplace-Bessel differential operator
were investigated by M. Klyuchantsev and I.A. Kipriyanov [7, 8] , where weighted L p estimates were obtained for them. I.A. Aliev, A.D. Gadjiev, E.V. Guliyev, I. Ekincioglu, A. Serbetci [1, [3] [4] [5] have studied the boundedness of B-singular integrals in weighted L p -spaces with radial and general weights consequently. The structure of the paper is as follows. In section 2, we present some definitions and auxiliary results. In section 3 we prove the boundedness of vector-valued B-singular integral operator A from L p; .R n C ; H 1 / to L p; .R n C ; H 2 /, 1 < p < 1, where H 1 and H 2 are separable Hilbert spaces.
Definition, notation and preliminaries
Let R n be n-dimensional Euclidean space, R n C D fx D .x 1 ; :::; x n / 2 R W x n > 0g, S 
where > 0 is a fixed parameter, 1 Ä p < 1, dx D dx 1 dx 2 : : : dx n . Suppose that 1 Ä p < 1 and f is a measurable function on R We denote by T y the generalized shift operator (B-shift operator) acting according to the law
where x D .x 0 ; x n /; y D .y 0 ; y n /, x 0 ; y 0 2 R n 1 and x n ; y n 2 R C . We remark that T y is closely connected with the Laplace-Bessel differential operator
(see [9] for details). The T y shift operator generates the corresponding "B-convolution"
for which the Young inequality holds:
.R n C / ; 1 Ä p; q; r Ä 1;
We note the following property (needed below) of the "B-convolution",
is valid. The Fourier-Bessel transform is defined as follows [6] 
where j 1 2 is the normalized Bessel function that is defined as for t > 0; >
Here J .t / is the first kind of Bessel function. The normalized Bessel function j is the eigenfunction of the Bessel differential operator satisfying the conditions for all t 2 R; jj .t /j Ä 1; j .0/ D 1; j 0 .0/ D 0 and for 2 C
The influence of the Fourier-Bessel transform to B-convolution is as follows
Definition 2.1. Suppose that T is a sublinear operator and 1 Ä p; q Ä 1. The operator T is said to be of weak
T is said to be of type .p; q/ if T is a bounded operator from
Theorem 2.2 (The Marcinkiewicz interpolation theorem). Let .X; / and .Y; / be two measure spaces, and let the sublinear operator T be both of weak type .p 0 ; p 0 / and weak type .p 1 ; p 1 / for 1 Ä p 0 < p 1 Ä 1. That is, there exist the constants C 0 ; C 1 > 0 such that for any > 0 and f
.
Then T is also type .p; p/ for all p 0 < p < p 1 i.e., there exists a constant C > 0 such that for any
3 Vector-valued B-singular integral operators
Let H be a separable Hilbert space. Then a function f .x/, from R n C to H is measurable if the scalar valued functions hf .x/; 'i are measurable, where h ; i denotes the inner product of H and ' denotes an arbitrary vector of H: If f .x/ is such a measurable function, then kf .x/k H is also measurable (as a function with non-negative values), where
is defined as the equivalence classes of measurable functions f .x/ from R n C to H; with the property that the norm 
converges in the norm of H 2 almost every x, and
Also, when
which is an element of
The Fourier-Bessel transform can then be extended by continuity to a unitary mapping of the Hilbert space L 2; .R n C ; H / to itself (see for details [10] ; p.45-46, [11] ; p. 307-309). 
kf k L r; .R n C ;H 1 / ; where c 1; and c r; are independent of and f: Then for each 1 < p < r; we have that Af 2 L p; .R
For a scalar valued function g consider Bg.x/ D kA.F .x/g/k H 2 : Clearly B is a sublinear mapping, simultaneously of weak types .1; 1/ and .r; r/ with norm Ä c 1; ; c r; ; respectively. By the Theorem 2.2 there is a constant c as indicated above so that
Upon setting g.x/ D kf .x/k H 1 our proof is complete. Definition 3.2. We say that a function K on R n C whose values are bounded operators from H 1 to H 2 is a vectorvalued B-singular integral kernel provided that 1) K is measurable and integrable on compacts sets not containing the origin, 2) There exists M > 0 for all " W 0 < " < r 
Let us write ty instead of y; then we get
Therefore,
From (1) and (2), we have
Then for all x 2 S n 1 C , we have
Now, I 4 .x/ requires some work. We rewrite it as
The following inequality is valid for all x 2 S 
Since the operator K is a vector-valued B-singular integral kernel, then 9 M > 0, for all " > 0, such that 
Now, we estimate We denote
2x n y n cos˛C y 2 n /ˇ< 4 f or˛2 .0; / :
We have
We note that jyj Ä jy xj C jxj Äˇ.x 0 y 0 ; q x 2 n 2x n y n cos˛C y 2 n /ˇC 1 < 5:
Hence, for all x 2 S n 1 C similarly (3) we have 
We show that L 6 .x/ is bounded. Indeed 
Using (5) and (6), we have
where the constant M > 0 is independent of x 2 S n 1 
Using (3), (4), (7) and (8), we have a constant M > 0 for all x 2 S n 1 C such that the inequality
Therefore the proof is complete. Indeed
where 0 <ˇWDˇe
From Theorem 3.3 we get the following theorem. Then there exists a constant C > 0 such that for all f 2 L 2; .R n C / the inequality
Then we can write .T " f /.x/ D .K "˝f /.x/. Using Parseval-Plancherel identity and Theorem 3.3 we have
The scalar valued case of the following theorem was proved in [10] and [11] . In the vector-valued case the proof is the same. 
The following theorem is valid. and there exists a constant C > 0 such that for all f 2 L 2; .R
is valid. Then the inequalityˇ˚x
is valid, where the constant C > 0 is independent of f.
Proof. For any s > 0 and f 2 L 1; .R n C ; H 1 / that has compact support, we use Theorem 3.5. Hencě˚x
where (10) and (11) we have
Now, we estimate A!: Firstly, we consider a ! 1 function. Let
Using Fubini theorem and the condition (9), we obtain
Using Chebyshev inequality we havě˚x
where
By using the change of variable n D x n cos˛; z nC1 D x n sin˛; x n > 0; we get ; then we obtain kJ k B.H 1 ;H 2 / Ä M and then
Choosing s > 0 to minimize right hand of this inequality we obtaiň˚x
The proof is completed.
From Theorem 3.6 we have the following theorem.
where the constant C p; > 0 is independent of f .
Proof. For 1 < p < 2; using Theorems 2.2 and 3.6 we have
Note that if a function is H -valued locally integrable function, where H is a separable Hilbert space and if
where the sup is taken over all continuous ' with scalar-valued compact support which verify k'k 
converges absolutely, then
But if the theorem is valid for 1 < p 0 < 2, then 
: By Hölder's inequality we show that
and taking the supremum of all the ''s indicated above gives the result that
Therefore, we have completed the proof of the theorem.
The following theorem is our main result. where the constant C p; > 0 is independent of f: For an arbitrary f 2 L p; .R n C ; H 1 /, we can write
where f 1 is a smooth function with values in H 1 and kf 2 k L p; .R n C ;H 1 / is small. We can write .T " f /.x/ D .T " f 1 /.x/ C .T " f 2 /.x/:
For f 2 2 L p; .R is valid, where the constant C p; > 0 is independent of f:
